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Abstract: We study the C n and BC n Ruijsenaars-Schneider(.RS') models with 
interaction potential of trigonometric and rational types. The Lax pairs for these 
models are constructed and the involutive Hamiltonians are also given. Taking 
nonrelativistic limit, we also obtain the Lax pairs for the corresponding Calogero- 
Moser systems. 
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I Introduction 



Ruijsenaars-Schneider(.RS') and Calogero-Moser (CM) models as integrable many-body mod- 
els recently have attracted remarkable attention and have been extensively studied. They 
describe one-dimensional n-particle system with pairwise interaction. Their importance lies 
in various fields ranging from lattice models in statistics physics|], 0], the field theory to 
gauge theory |3|, |J. e.g. to the Seiberg-Witten theory []5| et al. Recently, the Lax pairs 
for the elliptic CM models in various root system have been given by Olshanetsky et al||, 
Bordner et alj7|, ||, |9|, |lDJ and D'Hoker et al|lT| respectively, while the commutative operators 
for RS model based on various type Lie algebra given by Komori |T2| , [T3|| , Diejenp4|, [T5|j and 
HasegawaJI], [HJet al. An interesting result is that in Ref. fll7| , the authors show that for 
the sl% trigonometric RS and CM models exist the same non-dynamical r -matrix structure 
compared with the usual dynamical ones. On the other hand, similar to Hasegawa's result 
that Ajv-i RS model is related to the Z n Sklyanin algebra, the integrability of CM model 
can be depicted by sIn Gaudin algebra[|18|]- 

As for the C n type RS model, commuting difference operators acting on the space of 



functions on the C2 type weight space have been constructed by Hasegawa et al in Ref. [[16]. 
Extending that work, the diagonalization of elliptic difference system of that type has been 
studied by Kikuchi in Ref. Despite of the fact that the Lax pairs for CM models have 
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been proposed for general Lie algebra even for all of the finite reflection groups [ID|, however 
the Lax integrability of RS model are not clear except only for A^-i -typepO|, |2], [H], |22 



24 1 and for C2 by the authors by straightforward construction [25), i.e. the general Lax pairs 



for the RS models other than A^-i -type have not yet been obtained. 

Extending the work of Ref. the main purpose of the present paper is to provide 

the Lax pairs for the C n and BC n Ruijsenaars-Schneider(i?S') models with the trigonometric 
and rational interaction potentials. The key technique we used is Dirac's method on the 
system imposed by some constraints. We shall give the explicit forms of Lax pairs for these 
systems. It is turned out that the C n and BC n RS systems can be obtain by Hamiltonian 
reduction of A2 n -i and A2 n ones. The characteristic polynomial of the Lax matrixes leads to 
a complete set of involutive Hamiltonians associated with the root system of C n and BC n . In 
particular, taking their non-relativistic limit, we shall recover the systems of corresponding 
CM types. 

The paper is organized as follows. The basic materials about A N -\ RS model are reviewed 
in Sec. [TJ. We also give a Lax pair associating with Hamiltonian which has a reflection 
symmetry with respect to the particles in the origin. The main results are showed in Sees. 
I.I.T] and [TV]. In Sec. JT5, we present the Lax pairs of C n and BC n RS models by reducing 
from that of A^-i RS model. The explicit forms for the Lax pairs are given in Sec. |TV|. The 
characteristic polynomials, which gives the complete sets of involutive constant motions for 
these systems, will also be given there. Sec. |V|, is devoted to derive the nonrelativistic limits 
of these systems which coincide with the forms given in Refs. || and [|7| . The last section is 
brief summary and some discussions. 



II Ajv-i-type Ruijsenaars-Schneider model 



As a relativistic-invariant generalization of the A^v^-type nonrelativistic Calogero-Moser 
model, the A A r_ 1 -type Ruijsenaars-Schneider systems are completely integrable whose inte- 
grability are first showed by Ruijsenaars^, 26]. The Lax pairs for this model have been 
constructed in Refs. [^, 0, |2l], [ 



Recent progress have showed that the com- 
pactification of higher dimension SUSY Yang-Mills theory and Seiberg-Witten theory can 
be described by this model[||. Instanton correction of prepotential associated with SI2 RS 



23, 24 



system have been calculated in Ref. PTfl 



II. 1 The Lax operator for Ajv-i RS model 

Let us briefly give the basics of this model. In terms of the canonical variables pi, Xi(i,j 
1, . . . , N) enjoying in the canonical Poisson bracket 



{PuPj} = {xi,Xj} = 0, 
we give firstly the Hamiltonian of A^_i RS system 



{xi,pj} = 5,, 



'J ! 



(11.1) 
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has.i = [ ePi n f( x * - ^) + e ~ p% n - xk)) ■ (11.2) 

i=i V /c^i fc^i / 

Notice that in Ref. |20] Ruijsenaars used another "gauge" of the momenta such that two 
are connected by the following canonical transformation: 

Xi — > Xi, pi — >pi + hn YI^t^t- ( n -3) 

1 9{ x ij) 

The Lax operator for this model has the form(for the trigonometric case) 

N 

sr^ sin 7 

L An ^ = > —, : — r exp(pj) ft^ij, 

Z—/ «in It. — t • -I- n/ 1 

and for the rational case 



J sin(xj — Xj + 7) 



N 

l An _, = - _3 1 ~ ex pfa) 6 A- ( n - 4 ) 

where 

sm(x-7) trigonometric case, 
rational case, 

g(x) : =/(x)| 7 _ + _ 7 , x ifc :=Xi-x fc , (II.5) 

and 7 denotes the coupling constant. 

It is shown in Ref. |23j that the Lax operator satisfies the quadratic fundamental Poisson 
bracket 

{Li, L 2 } = L\ L 2 ai — a 2 L\ L 2 + L 2 si L x — L\ s 2 L 2 , (H-6) 
where L\ = La n _ x ® 1,L 2 = 1 <g> £^-1 and the four matrices read as 

a\ = a + w, s\ = s — w, 

a 2 = a + s — s* — w, s 2 = s* + w. (H-7) 



The forms of a,s,w are 

a 



22 cot(x fc - Xj)E jk ® E kj , 



-T— 



■It) 



2^ cot(x fc - Xj)E kk <S> E j:j , (11.8) 



for the trigonometric case and 



w 



— — — E jk ® 

Ejk <g> E kk , 

k+j Xk X * 

Hv^V Ekk ® E ^ (IL9) 

k^j Xk Xj 

for the rational case. The * symbol means r * = IMI with IT = J2 kd =i E kj ® E jk . 
Noticing that 

I Yli ■ ~ sm7 — T exp(— pj) for trigonometric case, 

1 ^" Jl ' j \ E£=i ^ «P(- ft ) for rational — (iLiUj 

one can get the characteristic polynomials of L Ani and L An _ p8 



case, 



AT 

detCW, - v ■ Id) = ^(-^(if/)^, (11.11) 

i=o 

TV 

detCL^ - v ■ Id) = J2(- v ) n ~ j ( H iU»-i> ( IL12 ) 



where(if5 b ) Ajv _ 1 = (-ff^W-i = 1 and 



Jc{i,...,jv} VjGJ / is^ 



|J|=i k£{l,...,N}\J 



Jc{i,...,jv> Vj'GJ / jsJ 



|j|=i fce{i,...,JV}\j 



Define 



(11.13) 
(11.14) 



(Hi)^ = (H+U^ + (H-) An ^ (11.15) 
from the fundamental Poisson bracket Eq. ( |II.6|) , we can verify that 

{(H i ) AN _ 1 ,(H j ) AN _ 1 } = {(Hf) AN _ 1 ,(m') AN _ 1 } = Q, e,e=±, i,j 1 V. (11.16) 
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In particular, the Hamiltonian Eq.( |11.2| ) can be rewritten as 



TV 

H An _, = {H^a^ + (H-)^ = + ^) = Tt{L An _, + L- A \J. (11.17) 



It should be remarked the set of integrals of motion Eq.( II.15 ) have a reflection symmetry 



which is the key property for the later reduction to C n and BC n cases, i.e. if we set 

Pi < — > ~Pi, Xi < — ► -x u (11.18) 
then the Hamiltonians flows {H{)a n _ 1 are invariant with respect to this symmetry. 

II. 2 The construction of Lax pair for the A/v-i RS model 

As for the A N _i RS model, a generalized Lax pair has been given in Refs. PU|, Q |2T|, ^2], 



23| , [24l . But there is a common character that the time-evolution of the Lax matrix La n _ 1 
is associated with the Hamiltonian H + . We will see in the next section that the Lax pair 
can't reduce from that kind of forms directly. Instead, we give a new Lax pair which the 
evolution of La n _ 1 are associated with the Hamiltonian -ff^^-i 

La N - ± = {-^Ajv.^-^Ajv-i} = [Ma n _ i: La^], (11.19) 

where Ma n _ 1 can be constructed with the help of (r, s) matrices as follows 

M An _ x = Tr 2 (( Sl - fla )(l ® (Wx - LaIJ)). (11.20) 

The explicit expression of entries for Ma jv _ 1 is 

s sin 7 cot (xu) sin7cot£jj „.,, . . . 

sm(x ii + 7) sm(xj j - 7) J 

(Ma^U = -B -7 w t ^ + • r , Si 7 V e ^)> ( IL21 ) 

^ sm(xi;J sw.{xu + 7) sm(xiz) sm(x iZ - 7) 

for trigonometric case and 



(M^.J* = ~E( r 7 ■ , e^ + — ^ .e^O, (H.22) 

^ X U {Xu + 7) X i; (Xi; - 7) 



for rational case. 
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Ill Hamiltonian reductions of C n and BC n RS models 
from Ajv-i-type ones 



Let us first mention some results about the integrability of Hamiltonian ( [11. 2| ). In Ref. 
Ruijsenaars demonstrated that the symplectic structure of C n and BC n type RS systems 
can be proved integrable by embedding their phase space to a submanifold of A 2n -i and A 2n 
type RS ones respectively, while in Refs. [|14| , |15f| and Diejen and Komori, respectively, 



gave a series of commuting difference operators which led to their quantum integrability. 
However, there are not any results about their Lax representations so far, i.e. the explicit 
forms of the Lax matrixes L, associated with a M (respectively) which ensure their Lax 



integrability, haven't been proposed up to now except for the special case of (7 2 p5[|. In this 
section, we concentrate our treatment to the exhibition of the explicit forms for general C n 
and BC n RS systems. Therefore, some previous results, as well as new results, could now 
be obtained in a more straightforward manner by using the Lax pairs. 

For the convenience of analysis of symmetry, let us first give vector representation of 
Am -i Lie algebra. Introducing an iV dimensional orthonormal basis of W N 

ej-e k = 5 jtk , j,k — l,...,N. (HI.l) 

Then the sets of roots and vector weights are: 

A = { ej -e k : j,k = l,...,N}, (111.2) 
A = {e r . j = l,...,N}. (111.3) 

The dynamical variables are canonical coordinates {xj} and their canonical conjugate 
momenta {pj} with the Poisson brackets of Eq.( |ll.l| ) . In general sense, we denote them by 
N dimensional vectors x and p, 

x=(x ll ... ) x N ) 6M N , p= ( Pl ,...,p N ) ER N , 

so that the scalar products of x and p with the roots a ■ x, p ■ (3, etc. can be defined. The 
Hamiltonian Eq. flH.2p can be rewritten as 

H As-i =E (exP II f((3-x)+exp(-fi-p) J] g(P ■ x)V (III.4) 

in which f(x) and g(x) is given in Eq.( [II.5| ) for various choices of potentials. Here, the 
condition A 3 f3 = fi — v means that the summation is over roots (3 such that for 3u G A 

fj, - v = (3 e A. 

So does for A 3 (3 = —\i + v. 
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IIL1 C n model 

The set of C n roots consists of two parts, long roots and short roots: 

A Cn = A L U A s , (III.5) 
in which the roots are conveniently expressed in terms of an orthonormal basis of lR n : 

A L = {±2ej : j = l,...,n}, 

A s = {±ej±e k ,: j, k = 1, . . . , n}. (III.6) 
In the vector representation, vector weights A are 

^c n = {ej,-e r . j = l,...,n}. (LIU) 
The Hamiltonian of C n model is given by 



c„ = i^ exp(^p) J] /(/3-x)+exp(-/i-p) J] g{(5 ■ x) J . (III.8) 



From the above data, we notice that either for An-i or C n Lie algebra, any root a G A 
can be constructed in terms with vector weights as a = fi — v where //, v G A. By simple 
comparison of representation between or C n , one can found that if replacing ej +n with 

— ej in the vector weights of A 2n -i algebra, we can obtain the vector weights of C n one. Also 
does for the corresponding roots. This hints us it is possible to get the C n model by this 
kind of reduction. 

For A2n-\ model let us set restrictions on the vector weights with 



e j+n + ej = 0, for j = 1, . . . , n, (III. 9) 

which correspond to the following constraints on the phase space of 74 2n _i-type RS model 
with 

G{ — ( y €'iJ rri ~t~ 6j) ' X X{ ~t~ X^j rTl 0, 

G i+n = (e i+n + e;) - p = Pi+ Pi+n = 0, i = l,...,n, (III. 10) 



Following Dirac's method [Z5|, we can show 



{G^F^J-O, for VzG{l,...,2n}, (III.ll) 

i.e. H.A 2n _ l is the first class Hamiltonian corresponding to the above constraints Eq. ( |111.10p . 
Here the symbol ~ represents that, only after calculating the result of left side of the 
identity, could we use the conditions of constraints. It should be pointed out that the most 
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necessary condition ensuring the Eq. ( |U1.11| ) is the symmetry property Eq. ( |U.18j ) for the 
Hamiltonian Eq. ( |II.2| ). So that for arbitrary dynamical variable A, we have 



A = {A,H A2n _ 1 } D = {A,H A2n _ 1 }-{A 1 G l }A^{G J} H A2n _ 1 } 

~ {A,H Mn _ x }, i,j = l,...,2n, (111.12) 

where 

A ij = {G i ,G j } = 2(° Id ™y (111.13) 

and the {,}d denote the Dirac bracket. By straightforward calculation, we have the nonzero 
Dirac brackets of 

{Xi,Pj}D = {Xi+n,Pj+n}D = 7^* J' 

{xi,p j+n } D = {x i+n ,pj} D = --8ij. (III. 14) 

Using the above data together with the fact that H Ani is the first class Hamiltonian (see Eq. 
( [HI. 11|) , we can directly obtain Lax representation of C n RS model by imposing constraints 

G k on Eq. qtnsp 



where 



so that 



{LA 2n ^ 1 -,H A2n _ 1 } D - {Xa 2 „-i) ^ 2 „-i}(G fe ,fc=l,.,2n, 

= [M A2n ^L A2n ^]\ Gk ^ k=1 _ 2n =[M Cn} L Cn } } (111.15) 
{L>A 2n _ 1 ,HA 2n -i}D = {L Cn ,H Cn }, (IIL16) 



Hc n — 2^2™-il G fc' fc=1 '---' 2n ' 

Lc n = L>A 2n -i\G k ,k=l,...,2n, 

M Cn = M A2n _A Gk , k=1 _ 2n , (111.17) 



L Cn = {L CnJ H c J = [Mew, Lew]- (IH.18) 

Nevertheless, the H + is not the first class Hamiltonian, so the Lax pair given by many 
authors previously can't reduce to C n case directly by this way. 



S 



III.2 BC n model 

The BC n root system consists of three parts, long, middle and short roots: 

A BC „ = A L UAUA S , (111.19) 

in which the roots are conveniently expressed in terms of an orthonormal basis of lR n : 

A L = {±2e r . j = l,...,n}, 

A = {±ej±e k : j,k — l,...,n}, 
A s = {±e 3 : j = l,...,n}. (111.20) 

In the vector representation, vector weights A can be 

^B Cn = {ej, -ej,0: j = 1, . . . , n}. (111.21) 
The Hamiltonian of BC n model is given by 



H 



BCn 



^GA SCn \ A BCn 3f3=n-v A BCn 3f3=-[t+v J 



(111.22) 

By similar comparison of representations between A^-i or BC n , one can found that if 
replacing e J+n with —ej and e2„+iwith in the vector weights of A 2n Lie algebra, we can 
obtain the vector weights of BC n one. Also does for the corresponding roots. So by the 
same procedure as C n model, it is expected to get the Lax representation of BC n model. 
For A 2n model, we set restrictions on the vector weights with 



e j+n + ej = 0, for j = 1, . . . , n, 

e 2n+1 = 0, (111.23) 

which correspond to the following constraints on the phase space of A 2n -type RS model with 



G'i + n = (e i+n + ei)-p = pi+p i+n = 0, i = l,...,n, 

(*2n+l = e 2n+l ' X = X 2n+ \ = 0, 

G 2n+2 = e 2n+l ' P = P2n+1 = 0. (111.24) 

Similarly, we can show 

{Gi,H Aan }~0, for Vi G {!,..., 2n + l,2n + 2}. (111.25) 
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i.e. Ha 2u is the first class Hamiltonian corresponding to the above constraints Eq. ( |ill.24j ). 
So Lsc n and Mbc„ can be constructed as follows 



l2n IG fe ,fc=l,...,2n+2> 

while H B c„ is 



LbC„ — ^A 2 nlG' fc ,fc=l,...,2n+2' 

M BCn = M Mn \ G , k=1 2n+2 , (IH-26) 



2 

due to the similar derivation of Eq. flHLl^ - |HI18 



HbC„ — ^HA 2n \G k ,k=l,...,2n+2, (III. 27) 



IV Lax representations of C n and BC n RS models 
IV. 1 C n model 

The Hamiltonian of C n RS system is Eq. ( |IH.8|) , so the canonical equations of motion are 



where 



xt = {x l ,H} = e p %-e~ p %, (IV.l) 



P4fj'f 9 ( x jj) _ 9 ( x j + x 'i) 

3 g(xji) g{xj + Xi) 

f'(2xi) <s^j'(xij) . /'(xi + xj). 



f( 2x i) 7^ fyxij) fixi + xj) 

-e- p %(2 9 -^4 + E(4^T + 9 ) Xi + Xi h ), (IV-2) 
(y(2xi) ^gfaj) g{x t + x 3 ) lh 



f( x ) ■ =—nr> 9{x"- 



doc ditjc 

n 

h = f(2x i )Y[(f(x i -x k )f(x i + x k )), 



n 



b'i = g{2xi) Y\[g{xi - x k )g{xi + x k )). (IV.3) 

k^i 
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The Lax matrix for C n RS model can be written in the following form for the rational 

case 

(L c „V = e -^ (<j _^ i + 7 , (IV.4) 

which is a 2n x 2n matrix whose indices are labelled by the vector weights, denoted by 
fj,, v e Ac n , Mc n can be written as 



M Cn =D + Y, (IV.5) 



where 



Y = e u ' p b 



((n-v) -x)((n-v) - a: + 7) 
+e~^' p b' fIV 6) 



^ { bu {^-u). X )^-u). X + 1 ) 



and 



+e~^ p b' - ) 

v ((n-v) -x)((n-v) -x-i) 

"EV. (IV. 7) 



k = n fW' x )> 

A Cn Bf3=n-v 

i = n 9iP-x). (iv.8) 

A c „3/3=/i-i/ 



For the trigonometric case, we have 



and 



where 



(L Cn U = ^ P K . Sm . 7 (IV.9) 
sm((/i — z/J ■ rr + 7) 



M Cn = J D + F, (IV. 10) 



Y ^ = C v-P bu sin J cot ( ^ Z v l ' x ) 1 e -P-P6' sin 7 cot ( - z/) ■ a: ) ^ n ^ 

Miy " sin((/x — 1/) • x + 7) " sin((/x — 1/) ■ rr — 7) 



^ u sin((fi — v) ■ x) sin((/i — v) ■ x + 7) 



+e -^ b ' ^2 ) 

u sin((jj, — v) ■ x) sin((/i — v) ■ x — 7) 
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= -E (( Y "\ v ( IV - 12 ) 

COSIIU — V) • X) 

where 6 M , b'^ take the value as Eq.( [IV. 8| ) with the trigonometric forms of /(s) and 
The L Cn ,M Cn satisfies the Lax equation 

L Cn = {L Cn ,H c J = [M Cn ,L Gn }, (IV.13) 

which equivalent to the equations of motion Eq. ([IV.l|) and Eq. ([IV.2| ). The Hamiltonian Hc n 
can be rewritten as the trace of Lc n 

H Cn = trL Cn = \Y, + e '"' P ^)- ( IV - 14 ) 

The characteristic polynomial of the Lax matrix Lc n generates the involutive Hamiltonians 



n— 1 



det(L c „ -vld) = £)(-l)V + ^(Hjh. + (-«)" (H n ) Cn , (IV.15) 
where (H ) c „ = 1, and (Hi) c „ Poisson commute 

{(^) ai ,(^) c J = 0, /../ 1 (IV.16) 

This can be deduced by verbose but straightforward calculation to verify that the (H i )A 2n _ 1 ,i = 
l,...2n is the first class Hamiltonian with respect to the constraints Eq.( |lll.lTJ|) , using 
Eq. QgngD , dTing ) and the first formula of Eq. (|ILT7|) . 
The explicit form of (Hi)c n are 

(Hi) Cn = E eX P(Pej) F eJ;JcUjcj_ lJl} I = 1, . . . , 71, (IV. 17) 



JC{l,...,n}, |J|<! 

ej-=±l,jeJ 



with 



F £ J-K 



[ [ + I"J /fo'^i + x k)f(£jXj ~ x k ) JJ /(2e 



id's J 
j<j' 



jeJ 
keK 



Ui )P = E II + x k)g{xjh)g{xj + x k ) I 



/'a iei 
|/'|=b/2] fee/\/' 



0, (podd), 

1, (p even) 



(IV.18) 



Here, [p/2] denotes the integer part oip/2. As an example, for C 2 RS model, the independent 
Hamiltonian flows (Hi)c 2 and (H 2 )c 2 generated by the Lax matrix L C2 are[p5f 
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{H x )c 2 = H C2 =e p 'f(2x 1 )f(x 12 )f(x 1 +x 2 ) 
+e~ Pl g(2x 1 ) g(x 12 )g(x 1 + x 2 ) 
+e P2 f(2x 2 )f(x 21 )f(x 2 + Xl ) 

+e~ P2 g(2x 2 ) g(x 21 )g(x 2 + Xl ), (IV.19) 
(H 2 ) C2 = e p ^f(2x 1 )(f(x 1 +x 2 )) 2 f(2x 2 ) 

+e- p '- p2 g(2x 1 ) {g( Xl + x 2 )) 2 g(2x 2 ) 
+e p ^f(2 Xl ) (f(x 12 )) 2 f(-2x 2 ) 
+e P2 - pi g(2 Xl ) (g(x 12 )) 2 g(-2x 2 ) 

+2f(x 12 ) g(x 12 ) f{x x + x 2 )g( Xl + x 2 ). (IV.20) 



IV.2 BC n model 



The Hamiltonian BC n model is expressed in Eq. ([III.22| ), so the canonical equations of motion 
are 



Xi = {x i ,H} = e p %-e- p *b' i , (IV.21) 

J gixji) g^Xj + Xi) 

- P nh r^M + o f'fai) + y r /'(^i) , f'( x i + x j) )) 
fi-n) /(2s,) j^Hxii) fixi + xj)" 

c ~n b 'f 9{xi) + 2 g(2xj) + y^. g'jxjj) + g'jxj + Xj) 
1 g(xi) g{2xi) jrf g(xij) g(xi + Xj) 

-&o(^ + ^y)' ( IV -22) 
f{Xi) g{Xi) 



where 



k = f(xi)f(2xi)Y[(f(xi-x k )f(xi + x k )), 



k^i 
n 



b[ = g(xi)g(2x i )Y]_(g(xi-x k )g(x i + x k )), 
k+i 
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bo = H(f(xi)g(xi). (IV.23) 



i=i 



The Lax pair for BC n RS model can be constructed as the form of Eg. ([[ V. 4j) - ([TV . 1 2Q 
where one should replace the matrices labels with v 6 k B c n , an d roots with f3 G AbCu- 
The Hamiltonian H B c n can be rewritten as the trace of L B c n 



H BCn =trL BCn = l - (e^b» + e-»-%). (IV.24) 

The characteristic polynomial of the Lax matrix L generates the involutive Hamiltonians 



det(L BCn -vld) = ]T(-1) V' " ^ 2n+W )(^W„, (IV.25) 

3=0 

where (H ) BCn = 1 and (Hi) BCn Poisson commute 

{(Hi) BCn , (H^bcJ = 0, i,j = 1, ...,n. (IV.26) 

This can be deduced similarly to C n case to verify that the (Hi)A 2n ,i = 1, ...2n is the first 
class Hamiltonian with respect to the constraints Eq.( IIL24|) . 
The explicit form of (Hi) B c n are 

{Hi) B c n = e MPej) FsJ-.jc Ujc tHJ] , I = 1, . . . ,n, (IV.27) 

JC{l,...,n}, J|<! 

£j=±i,jeJ 

with 



F eJ . K = Yl f(£jXj + £j'Xj>) Yl f(£jXj + %k)f(£jXj ~ Xk)Y[f(2£jXj)Y[f(£j 

i,j'eJ jeJ j&J jeJ 

3<3' k ^ K 



r'c/ j6/' 
|/'|=b/2] fee/\/' 



(IV.28) 



V Nonrelativistic limit to the Calogero-Moser system 
V.l Limit to C n CM model 
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The Nonrelativistic limit can be achieved by rescaling pi i — > (3pi, 7 1 — > ^7 while lettin 
(5 1 — > 0, and making a canonical transformation 

Pi — » Pi + 7{^" + Efc#i(^ + ^)). rational case, x 

Pi 1 — Pj + 7{cot(2xj) + Y2k&( cot ( x ik) +cot(xi + x k ))}, trigonometric case, 



such that 



L .— > Id + f3L CM + 0(f3 2 ), (V.2 
M .— > 2/5M CM + 0(/3 2 ), (V.3 



and 



#^2n + 2 / 3 2 # CM + 0( / 3 2 ). (V.4 

Lcm can be expressed as 



—Bcm —Acm 



where 



for the rational case, and 



(^Cm)m = Pi, (BcM)ij ~ - - : 



sin(xj + Xj) ' 



for the trigonometric case. 
Mcm is 



as for the rational case 



(V.5 



7 

(^Cm)m = Pi, {BcM)ij = — — — , 

$1 \ X j 

(AcMh = — , (i^j), (V.6 

Xij 



(AcMh = -^- y (V.7 



Mcm = ( i° M B A CM ) , (V.8 
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{AcM) " = "S ( i + feT^ )_ pip' (K 



which identified with the results of Refs. || and , 
and for the trigonometric case 



^ sin sm (Xj + sm {ZXij sin (Xj + XjJ 

(Acuh = 7CQ fr } , (^J), (V.10) 
sm Xjj 

which coincide with the form given in Ref. || up to a diagonalized matrix together with a 
suitable choose of coupling parameters. 

The Hamiltonian of C n -type CM model can be given by 



7 £f*& (Xi + x*) aj 2 ^(2x^ 



if, 



CM 



trL 2 , for the rational case, (V.ll) 



4 



CM 



n n 1 1 2 n 1 

ly^ 2_ 2 y f 1 1 x 7 1 

-trL 2 , for the trigonometric case. (V.12) 



4 

The L(7m, satisfies the Lax equation 



{Lcm, H C m} — [Mcm, L C m\- (V-13) 



V.2 Limit to BC n CM model 

The Nonrelativistic limit of BC n model can also be achieved by rescaling pi i — > /3pi, 
7 i — > f3 r y while letting {3 i — > 0, and making the following canonical transformation 

ft •— ► ft + j{± + + Efc^(i + rational case, 

ft 1 — ► ft + 7{cot(xj) + cot(2xj) + X]fc^j( co ^( x ife) + cot(xj + Xk))}, trigonometric case, 

(V.14) 
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such that 



L .— > Id + f3L CM + 0(f3 2 ), (V.15) 
M .— > 2(3M CM + 0((3 2 ), (V.16) 



and 



H^(2n+l) + 2f3 2 H CM + 0((3 2 ). (V.17) 
Icm can be expressed as 

Acm B C M E C M 

.,<>;; = i —b c m —a-cm i '-cm i , (v-18) 
-(EcmY (EcmY Gcm 



where 

7 1 

(Acm)u = Pi, {BcM)ij = — — — , (E C m)h = — , Gcm = 0, 

0C ^ I X j 3C ' ^ 

(Acm),, = (i^j), (V.19) 

X t j 

for the rational case, and 

7 1 

(Acm)u = Pi, (BcM)ij = ~. 7 ; r, (Ecm)h = — , G C m = 0, 

sm{Xi + Xj) smxi 

{Acu) " = ^kr (MA (v - 20) 

for the trigonometric case. 
M C m is 

(•Acm &cm £-cm \ 
Bcm Acm £cm , (V.21) 
(£cmY (£cmY Gcm j 
where t denotes the transposition. As for the rational case, the forms of A,B,8,Q are 

"7 7x7 7 



4c (a^i + a;*) 2 (2^) 2 (a*) 2 
(BcM)ij = 7 ^ — rj, (£cm)h 



(xi + Xj) 2 ' " " " (ajj) 2 ' 

(^m),; = 4' (*^')> QCM = -Y^% (V.22) 



X ij fc=l 37 
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which identified with the results of Refs. and , 
and for the trigonometric case 



(~ \~ 

Gin hp ■ j 



7 7 \ 7 7 



,^ v sin 2 Xifc ' sm 2 (xi + x k ) sin 2 (2xj) sin 2 (x;)' 

7cos(x i + x j ) _ 7cosXj 

\PcM)ij — —^Ti ; r, (.^cmJii - —^2 — > 

sin (Xj + Xj) sm Xj 

(A^ = (i^j), ^m = -^-^-> CV.23) 

sm xn f-f sm Xfc 

j /c=i 

which coincide with the form given in Ref. up to a diagonalized matrix together with a 
suitable choose of coupling parameters. 

The Hamiltonian of _BC n -type CM model can be given by 



Y n 1 1 2 n 1 

flew = oE^^^Et + ^-iD?^ + 



2 



CM 



-trL 2 , for the rational case, (V.24) 

1 n n 1 1 7 2 ™1 2 

2 ^ t<i sm Xifc sm ^ + k > i^i sm ^ 2x ^ sm ( Xi > 

= -trL 2 , for the trigonometric case. (V.25) 

The Lqm, Mqm satisfies the Lax equation 

Lcm = {Lcm, H C m} = \McM-, L>cm]- (V.26) 

VI Summary and discussions 

In this paper, we have proposed the Lax pairs for rational, trigonometric C n and BC n RS 
models. Involutive Hamiltonians are showed to be generated by the characteristic polynomial 
of the corresponding Lax matrix. In the nonrelativistic limit, the system leads to CM 
systems associated with the root systems of C n and BC n which are known previously. There 
are still many open problems, for example, it seems to be a challenging subject to carry out 
the Lax pairs with as many independent coupling constants as independent Weyl orbits in 
the set of roots, as done for the Calogero-Moser systems |7|, || [H], [TlJ. What is also 
interesting may generalize the results obtained in this paper to the systems associated with 



all of other Lie Algebras even to those associated with all the finite reflection groups [10 
which including models based on the non-crystallographic root systems and those based on 
crystallographic root systems. 
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